COHOMOLOGICAL LENGTH FUNCTIONS 



HENNING KRAUSE 



Abstract. We study certain integer valued length functions on triangulated 
categories and establish a correspondence between such functions and cohomo- 
logical functors taking values in the category of finite length modules over some 
ring. The irreducible cohomological functions form a topological space. We 
discuss its basic properties and include explicit calculations for the category 
of perfect complexes over some specific rings. 



1. Introduction 

Let C be a triangulated category with suspension E: C C. Given a cohomo- 
logical functor H : C op — > Mod k into the category of modules over some ring k such 
that H(C) has finite length for each object C, we consider the function 

X : ObC — >N, C h-> length fc H(C), 

and ask: 

- what are the characteristic properties of such a function Ob C — > N, and 

- can we recover H from x? 

Somewhat surprisingly, we can offer fairly complete answers to both questions. 

Note that similar questions arise in Boij-Soderberg theory when cohomology 
tables are studied; recent progress [5J [S] provided some motivation for our work. 

Typical examples of cohomological functors are the representable functors of the 
form Hom(— , X) for some object X in C. We begin with a result that takes care of 
this case; its proof is elementary and based on a theorem of Bongartz [4]. 

Theorem 1.1 (Jensen-Su-Zimmerman |19j). Let k be a commutative ring and C a 
k-linear triangulated category such that each morphism set in C has finite length as 
a k-module. Suppose also for each pair of objects X, Y that Y\om(X, Y7 l Y) = for 
some n 6 Z. Then two objects X and Y are isomorphic if and only if the lengths 
of Hom(C, X) and Hom(C, Y) coincide for all C in C. □ 

Examples of triangulated categories satisfying the assumptions in this theorem 
arise from bounded derived categories. To be precise, if A is a fc-linear exact cat- 
egory such that each extension group in A has finite length as a fc-module, then 
its bounded derived category D fc (A) satisfies the above assumptions, since for all 
objects X, Y in A (viewed as complexes concentrated in degree zero) 

Hom(X, Y, n Y) = Ext n (X, Y) = for all n < 0. 

On the other hand, Auslander and Reiten provided in Section 4.4] simple 
examples of triangulated categories which do not have the property that objects 
are determined by the lengths of their morphism spaces; see also [3]- 

Now let C be an essentially small triangulated category. Given any additive 
functor H : C op —5- Ab into the category of abelian groups, we denote by End(H) 
the endomorphism ring formed by all natural transformations H — > H. Note that 
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End(if) acts on H{C) for all objects C. Moreover, if a ring k acts on H(C) for all 
objects C, then this action factors through that of End(H) via a homomorphism 
k — > End(H). In particular, when H(C) has finite length over k then it has also 
finite length over End(i7). This observation motivates the following definition. 

Definition 1.2. A cohomological functor H : C op — > Ab is called endofinit^ pro- 
vided that for each object C 

(1) H(C) has finite length as a module over the ring End(iJ), and 

(2) H(E n C) = for some n E Z. 

If (Hi)i£i are cohomological functors, then the direct sum Hi is cohomological. 

A non-zero cohomological functor H : C op — > Ab is indecomposable if it cannot be 
written as a direct sum of two non-zero cohomological functors. 

An endofinite cohomological functor H : C op — > Ab gives rise to a function 

Xh ■ Ob C > N, C M- length End(H) JT (C) 

which is cohomological in the following sense; see Lemma 12.41 

Definition 1.3. A function ObC — ^ N is called cohomological provided that 

(1) x(C ® C") = x(C) + X(C") for each pair of objects C and C, 

(2) for each object C there is some n £ Z such that x(£ n C) = 0, and 

(3) for each exact triangle A — > B — > C — >inC and each labelling 

• ■ • — ^ A_2 — ^ A_i — )■ Ao — y Xi — y X2 — ^ ■ • ■ 
of the induced sequence 

> E _1 C ^A^S^C^EA^SS^--- 

with x(Ao) = we have 

n 

^(-l) i+ "x(Xi) > for all neZ, 

i=0 

and equality holds when x(X n ) = 0. 
If (xi)i£i are cohomological functions and for any C in C the set {i E I \ Xi(C) 7^ 0} 
is finite, then we can define the locally finite sum ^2 ieI Xi- A non-zero cohomological 
function is irreducible if it cannot be written as a sum of two non-zero cohomological 
functions. 

The following theorem is the main result of this note; it builds on work of 
Crawley-Boevey on finite endolength objects [6j[7]- 

Theorem 1.4. Let C be an essentially small triangulated category. 

(1) Every endofinite cohomological functor C op — > Ab decomposes essentially 
uniquely into a direct sum of indecomposable endofinite cohomological func- 
tors with local endomorphism rings. 

(2) Every cohomological function ObC — > N can be written uniquely as a locally 
finite sum of irreducible cohomological functions. 

(3) The assignment H M> xh induces a bijection between the isomorphism 
classes of indecomposable endofinite cohomological functors C op — » Ab and 
the irreducible cohomological functions ObC — > N. 



The term endofinite reflects condition (1), while (2) is added for technical reasons. 
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Examples of cndofinitc cohomological functors arise from representable functors 
of the form Hom(— , X) when C is a Horn-finite /c-linear category. Thus Theorcm ll.il 
can be deduced from Theorem 11.41 The following remark shows that in some 
appropriate setting each endofinite cohomological functor is representable. 

Remark 1.5. Let T be a compactly generated triangulated category and C be the 
full subcategory formed by all compact objects. Then each endofinite cohomological 
functor H : C op — > Ab is isomorphic to Hom(— ,X)\c for some object X in T, which 
is unique up to an isomorphism and represents the functoiQ 

T op — >Ab, C h-> Hom(Hom(-,C)| c ,fl"). 

Thus cohomological functions are represented by objects in this setting. For specific 
examples, see [25] . 

Next we consider the set of irreducible cohomological functions ObC — > N and 
endow it with the Ziegler topology; see Proposition [B3] The quotient 

SpC = {x- ObC — > N | x irreducible and cohomological}/!] 

with respect to the action of the suspension is by definition the space of cohomo- 
logical functions on C. Thus the points of SpC are equivalence classes of the form 
[ x ] = {x°S" \neZ}. 

Take as an example the category of perfect complexes D b (proj A) over a commu- 
tative ring A. A prime ideal p G Spec A with residue field k(p) yields an irreducible 
cohomological function 

Xk( P ) ■ Ob D b (proj A) — ► N, X length fc(p) Hom(A, k(p)). 

Theorem 1.6. The map Spec A — > Sp D b (proj A) sending p to [Xk(p)] * s injective 
and closed with respect to the Hochster dual of the Zariski topology on Spec A. 

We prove this result by analysing the Ziegler spectrum [33J of the category of 
perfect complexes. A general method for computing the space Sp C of cohomological 
functions is to compute the Krull-Gabriel filtration [IT] [15] of the abelianisation 

AbcmaEn. ' 

A specific example is the algebra k[e] of dual numbers over a field k. Each 
complex 

X n : > ->• k[e] A k[e] H> • • • 4 k[e] -►()->•••• 

of length n corresponds to an isolated point in Sp D b (proj k[e\) and their closure 
yields exactly one extra point corresponding to the residue field. Thus 

Sp D b (proj k[e]) = {[xxj \ n G N} U {[ Xk ]}. 

This example is of particular interest because the derived category D b (projfc[e]) 
is discrete in the sense of Vossieck [32], that is, there are no continuous families 
of indecomposable objects. On the other hand, there are infinitely many inde- 
composable objects, even up to shift. The Krull-Gabriel dimension explains this 
behaviour because it measures how far an abelian category is away from being a 
length category. For instance, a triangulated category C is locally finite [IS] iff the 
Krull-Gabriel dimension of Ab C equals at most 0. 

Proposition 1.7. The abelianisation Ab D b (proj k[e]) has Krull-Gabriel dimension 
equal to 1. 



The functor is cohomological since H is an injective object in the category of additive functors 
C op — > Ab; see the proof of Theorem 11.41 Thus Brown's represent abilty theorem applies. 
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Note that the Krull-Gabriel dimension of the free abelian category Ab A over an 
Artin algebra A [14] behaves differently; it equals iff A is of finite representation 
type by a result of Auslander Q] and is greater than 1 otherwise [TTJ [ST] . 

As a final example, let us describe the cohomological functions for the category 
coh Pjf, of coherent sheaves on the projective line over a field k. 

Proposition 1.8. The abelianisation AbD b (cohP^) has Krull-Gabriel dimension 
equal to 2 and 

SpD b (cohP^) = {[ Xx ] | X e coh Pjf, indecomposable} U {[xk(t)}}- 

These examples illustrate in the triangulated context the following representation 
theoretic paradigm: 

finite type < — > Krull-Gabriel dimension = 
discrete type < — > Krull-Gabriel dimension < 1 
continuous families exist < — > Krull-Gabriel dimension > f 

2. Proof of the main theorem 

In this section Theorem 11.41 is proved. We deduce it from work of Crawley- 
Boevey on endofinite objects in locally finitely presented abelian categories [3 [7]. 
We begin with some preparations. 

The abelianisation. Following Freyd PJJ §3] and Verdier (3TJ II. 3], we consider 
the abelianisation Ab C of C which is the abelian category of additive functors 
F : C op — > Ab into the category Ab of abelian groups that admit a copresentation 

— > F — > Hom(-,A) — > Hom(-,B). 

In addition, we work in the category Mod C of additive functors C op — > Ab. This is 
a locally finitely presented abelian category and the abelianisation Ab C identifies 
with the full subcategory of finitely presented objects of Mod C; see [7J for details. 

Additive functions. Let us introduce the analogue of a cohomological function 
for the abelianisation of C. 

Definition 2.1. A function x : Ob Ab C — > N is called additiv^ provided that 

(1) X (F) = x(F')+x(F") if -> F' -)• F -> F" -> is an exact sequence, and 

(2) for each object F there is some n € Z such that x(S"F) = 0. 

We show that additive and cohomological functions are closely related. 

Lemma 2.2. Restricting a function x'- ObAbC — 5- N to ObC by setting x(C) — 
x(Hom(— ,C)) gives a natural bijection between 

— the additive functions Ob Ab C — > N, and 

- the cohomological functions ObC — > N. 

Proof. Let x : Ob Ab C — >• N be an additive function. An exact triangle A — > B — > 
C — > in C yields in Ab C an exact sequence 

► Hom(-, A) -> Hom(-, B) Hom(-, C) Hom(-, EA) 

Using this sequence it is easily checked that the restriction of x to C is a cohomo- 
logical function. 

Conversely, given a cohomological function x- Ob C — > N, we extend it to a func- 
tion Ob Ab C — > N which again we denote by x- Fi x -F 1 in Ab C with copresentation 



'The term additive reflects condition (1), while (2) is added for technical reasons. 



COHOMOLOGICAL LENGTH FUNCTIONS 



as above induced by an exact triangle A — > B — > C ^ in C, and choose n € Z such 
that x(S"(A © B © C)) = 0. Then define 

m = fc=o ((-l)'x(S'i) - (-lYxi^B) + (-1)* X (E*C)), if n > 0; 

\E?=-i((-l) i+1 x(SM)-(-l) i + 1 x(S i J B) + (-l)'+ 1 X (E i C)), ifn<0. 

This gives a non-negative integer and does not depend on n since x is a cohomo- 
logical function. Also, x(-F) does not depend on the choice of the exact triangle 
which presents F by a variant of Schanuel's lemma; see Lemma IA.1I Note that 
X(Hom(— ,C)) = x(C) f° r each C in C. Standard arguments involving resolutions 
show that x is additive. 

Clearly, restricting from Ab C to C and extending from C to Ab C are mutually 
inverse operations. □ 

There is a parallel between functions and functors. The analogue of Lemma [221 
for functors is due to Freyd. 

Lemma 2.3 (Freyd [TO]). Restricting a functor F: (Ab C) op — »■ Ab to C by setting 
F(C) = F(Hom(—,C)) gives a natural bijection between 

- the exact functors (Ab C) op — > Ab, and 

- the cohomological functors C op — > Ab. 

Proof. The inverse map sends a cohomological functor H : C op — >• Ab to the exact 
functor Hom(-,if) : (Ab C) op -> Ab. □ 

An endofinite cohomological functor H : C op — > Ab induces two functions: 

Xh ■ Ob C > N, C length End(H) H(C), 

Xh- ObAbC^N, F^ length End(ff) Hom{F,H). 

Lemma 2.4. The function xh is cohomological and xh is additive. 

Proof. The functor Hom(— ,H): (AbC) op — > Ab is exact since H is cohomological. 
It follows that xh is additive. The restriction of xh to C equals xh ■ Thus xh is 
cohomological by Lemma \2. 2 1 □ 

Proof of the main theorem. The proof of our main result is based on work of 
Crawley-Boevey, but we provide some complementary material in an appendix. 

Proof of Theorem \1.4\ An endofinite cohomological functor H : C op — > Ab is a finite 
endolength injective object in Mod C, as defined in [7]. The term 'finite endolength' 
refers to the fact that Hom(F, H) has finite length as End(_ff)-module for each F in 
AbC; see Lemma \2. 41 The injectivity follows from the proof of [231 Theorem 1.2], 
using that Ext (— , H) vanishes on Ab C for any cohomological functor H. 

In [7J Theorem 3.5.2] it is shown that each finite endolength object decomposes 
into a direct sum of indecomposable objects with local endomorphism rings; see 
[231 Theorem 1.2] for an alternative proof. This yields part (1). 

In [5] , additive functions on locally finitely presented abelian categories are stud- 
ied. In particular, there it is shown that every additive function on Ab C can be 
written uniquely as a locally finite sum of irreducible additive functions. This proves 
part (2), in view of Lemma I2T21 For an alternative proof, see Proposition lB.il 

Finally, part (3) follows from the main theorem in [B] which establishes the 
bijection between isomorphism classes of indecomposable finite endolength injective 
objects in Mod C and irreducible additive functions Ob Ab C —> N. For an alternative 
proof, see Proposition IB. 21 using the bijection between cohomological and exact 
functors from Lemma 12.31 □ 
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3. Properties of cohomological functions 

The correspondence between functors and functions. The assignment H H> 
Xh between endofinite cohomological functors and cohomological functions satisfies 
some weighted additivity. For instance, xh®H' — Xh + XH' provided that H and 
H' have no common indecomposable summand, but xh®h = Xh- We have the 
following concise formula. 

Proposition 3.1. Let H = (§) ieI Hi be the decomposition of an endofinite co- 
homological functor C op — > Ab into indecomposables. If J C I is a subset such 
that (Hj)jgj contains each isomorphism class from (Hi)i^i exactly once then xh — 
Y,i£jXH z - 

Proof. Adapt the proofs of Propositions 4.5 and 4.6 in [25]. Alternatively, use 
Remark [Rl □ 

Remark 3.2. Let C be a fc-linear category such that each morphism set in C has 
finite length as a fc-module. Then we have two maps ObC x ObC — >■ N, taking 
(X,Y) either to length fc Hom(X, Y) or to length End(y) Hom(A", Y). While the first 
map preserves sums in both arguments, the second one does not in the second 
argument, but it satisfies the above 'weighted additivity'. 

Duality. The correspondence in Theorem 1 1 . 41 yields a remarkable duality between 
cohomological functors C op — > Ab and cohomological functors C — >• Ab. This follows 
from the fact that the definition of a cohomological function Ob C — > N is self-dual; 
it is an analogue of the elementary duality between left and right modules over a 
ring studied by Herzog [16] . 

The duality links indecomposable endofinite cohomological functors H : C op — > 
Ab and H' : C — > Ab when xh — X.H l ■ In that case 

(End(ff)/ rad End(iJ)) op = End(if')/ rad End(ff') 

where rad A denotes the Jacobson radical of a ring A. This follows from Remark [B.3l 
The duality specialises to Scrrc duality when C is a Horn-finite fc-linear category 
with fc a field. More precisely, if F: C — > C is a Serre functor [29] and D = 
Hom(— , fc), then 

Hom(-, FX) = D Hom(X, -) 
for each object X, and therefore XHom(-,_FX) = XHom(x-)- 

The space of cohomological functions. Consider the set of irreducible coho- 
mological functions ObC — >• N and identify this via Lemma T2.2I with a subspace of 
SpAbC, endowed with the Ziegler topology, as explained in Proposition IB. 51 The 
quotient 

SpC = {x- ObC — > N | x irreducible and cohomological}/!] 

with respect to the action of the suspension is by definition the space of cohomo- 
logical functions on C. Thus the points of SpC are equivalence classes of the form 

The construction of this space is functorial with respect to certain functors. 
Let /: C — > D be an exact functor between triangulated categories. Given [%] in 
SpD the composite x°/ is cohomological but need not to be irreducible. Thus / 
induces a continuous map SpD — > SpC provided that irreducibility is preserved. 
For instance a quotient functor C — > C/B with respect to a triangulated subcategory 
B C C has this property; it induces a homeomorphism 

SpC/B^{[ x ] eS P C| x (B)=0}. 
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Before we discuss specific examples, let us give one general result. Let k be a field 
and C be a fc-linear triangulated category such that for each pair of objects X, Y 
we have Hom(X, T, n Y) = for some n £ Z. Suppose that all morphism spaces are 
finite dimensional and that C is idempotent complete. Suppose also that C admits 
a Serre functor [35]. Denote for each object X by xx the cohomological function 
corresponding to Hom(— ,X). 

Proposition 3.3. A point in SpC is isolated if and only if it equals [xx] for some 
indecomposable object X . Moreover, the isolated points form a dense subset of SpC. 

Proof. Each indecomposable object X fits into an Auslander-Reiten triangle X — ¥ 
Y — >• Z —> in C, by [35J Theorem 1.2.4]. Such a triangle provides in AbC the 
following copresentation of a simple object Sx 

— > S x — >• Hom(-,X) — > Hom(-,F). 

Thus (Sx) = {xx} is a basic open set for each indecomposable object X. 

Now let (F) be a non-empty basic open set with F £ AbC. The functor F 
admits a copresentation 

— > F — ► Hom(-,X) — ► Hom(-,F) 

with an indecomposable direct summand I'CI such that Hom(F, Hom(— , X')) ^ 
0. Thus xx 1 belongs to (F). It follows that each non-empty open subset of SpC 
contains a point of the form [xx]- D 

The space of cohomological functions may be empty as the following example 
shows. 

Example 3.4. Let A be a ring without invariant basis number, for example the 
endomorphism ring of an infinite dimensional vector space. Then there is no non- 
zero endofinite cohomological functor H : D b (proj A) op — > Ab. To see this, observe 
that H(T, n A) is a finite endolength A-module for all n£Z, and therefore the zero 
module §4.7]. 

4. Examples: perfect complexes 

We compute the space SpC of cohomological functions in some examples, for 
instance when C is the triangulated category of perfect complexes over some ring. 
It is convenient to view SpC as a subspace of the spectrum ZspC, as defined in 
Appendix [Cl 

The problem of computing the space of cohomological functions is reduced to 
the study of the Krull-Gabriel filtration of the abelianisation AbC. This nitra- 
tions yields a dimension. For an abelian category A, the Krull-Gabriel dimension 
KGdimA is an invariant which measures how far A is away from being a length 
category; see Appendix [Cl 

Modules. Let A be a ring. We write Mod A for the category of A-modules, mod A 
for the full subcategory of finitely presented ones, and proj A for the full subcategory 
of finitely generated projectives. 

Following [14] . we consider the free abelian categorij^ over A and denote it by 
Ab A. Thus the category of A- modules identifies with the category of exact functors 
(AbA)°P ->■ Ab. 

^The category Ab A is the opposite of the category of functors F : mod A — > Ab that admit a 
presentation Hom(y, — ) — > Hom(A', — ) — ¥ F — ¥ 0, and A (viewed as category with a single object) 
embeds via A i—> Hom(A, — ). Any additive functor A — ¥ A to an abelian category A extends 
uniquely to an exact functor Ab A — ¥ A. 
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We consider the derived category D(Modv4) and write per A for the full subcat- 
egory D b (projyl) of perfect complexes. 

The Ziegler spectrum Zsp A of A is by definition the set of isomorphism classes of 
indecomposable pure-injective A-modules with the topology introduced by Ziegler 
[251 155] . We identify Zsp A with the spectrum Zsp AbA of the abelian category 
AbA; see Appendix [Cj 

Note that the spectrum Zsp per A identifies with a quotient of the Ziegler spec- 
trum of the compactly generated triangulated category D(ModA) introduced in 
[53] and further investigated in |12) . 

Let us compare Zsp A and Zsp per A. We consider the natural inclusion i: A — > 
per A which extends to an exact functor i* : AbA — > AbperA by the universal 
property of Ab A. 

Lemma 4.1. Let So C AbperA be the Serre subcategory generated by the repre- 
sentable junctors Hom(— , £"A) with n ^ 0. Then the composite 

Ab A A Ab per A -» (Ab per A) /S 

is an equivalence. 

Proof. The cohomological functors H : (perA) op — > Ab annihilating Y, n A = for 
all n ^ identify with Mod A, by taking H to H(A). Thus the exact functors 
(Abper A) op — > Ab annihilating So identify with Mod A, by Lemma [2751 From this 
the assertion follows. □ 



We view an A-module X as a complex concentrated in degree zero and denote 
by Hx the corresponding cohomological functor Hom(— , X) : (perA) op — > Ab. It is 
convenient to identify Hx with the exact functor 

Hom(-,H x ): (Abper/l) op — > Ab . 

Proposition 4.2. The assignment X M> [Hx] induces an injective and continuous 
map 4>: Zsp A — > Zsp per A; its image is a closed subset. 

Proof. We apply Lemma 14.11 The composite 

/: Ab per A -» (Ab per A)/S ^ Ab A 

identifies Zsp A with a closed subset of Zsp Ab per A which we denote by U. Viewing 
an A- module X as an exact functor (AbA)° p — > Ab, we have Xof = Hx- Note 
that the subsets S"U, neZ, are pairwise disjoint. It follows that 4> is injective. 
Next observe that 

(J S"U = (ZspAbpe rJ 4)\ (J U r , s 

n€Z ( r ,s) 

where (r, s) runs through all pairs of integers r ^ s and 

U r , s = {F e Zsp Ab per A | F(S r A) ^ ^ F(Y, S A)}. 

Thus the image of <j> is closed. 

If a closed subset V C Zsp per A consists of all exact functors vanishing on the 
Serre subcategory S C Ab per A, then (^T 1 (V) consists of all exact functors vanishing 
on /(S). Thus tfi is continuous. □ 
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Hereditary rings. A complex of v4-modules can be written as a direct sum of 
stalk complexes when A is hereditary. This has some useful consequences which 
are collected in the following proposition. 

Proposition 4.3. For a hereditary ring A the following holds. 

(1) The map <f>: Zsp A — > Zsp per A taking X to [Hx] is a homeomorphism. 

(2) KGdim Ab per A = KGdim Ab A. 

Proof. (1) We apply Proposition ^. 21 Each indecomposable complex of A- modules 
is concentrated in a single degree since A is hereditary. This observation yields a 
disjoint union 

Zsp Ab per ,4 = (J U„ with U„ = {F e Zsp Ab per A \ F(E n A) ^ 0}, 

and each U„ is homeomorphic to Zsp A. An open subset V C Zsp A identifies with 
an open subset V„ C U„ and therefore with an open subset of Zsp per A via (p. It 
follows that is open and therefore a homeomorphism by Proposition 14.21 
(2) We apply Lemma [C. 41 and use the family of quotient functors 

(Ab per A -» (Ab per A)/S n ^ Ab A) n£Z 

from Lemma 14. II □ 

Commutative rings. Let A be a commutative ring and Spec A the set of prime 
ideals. We endow Spec A with the dual of the Zariski topology in the sense of 
Hochster [18]. A prime ideal p with residue field k(p) yields an irreducible cohomo- 
logical function 

X m - Ob per A — > N, X i-> length fc(p) Hom(A, fc(p)). 

Theorem 4.4. The map p: Spec A — > Sp per A sending p to [xk(p)] * s injective and 
closed with respect to the Hochster dual of the Zariski topology on Spec A. 

Proof. The injectivity is clear since different primes p, q yield non-isomorphic func- 
tors Hom(— ,fc(p)) and Hom(— ,fc(q)). 

To show that the image Im p is closed, observe first that 

U = {[x] € Sp per A \ x( s " A) ^ for at most one n E Z} 

is closed by Proposition 14.21 Also, 

Ui = {[x] e SpperA | x(£ n A) < 1 for all n E Z} 

is closed by Lemma fB.61 The indecomposable A-modules X with length End ( X -, X < 1 
are precisely the residue fields fc(p); see [51 §4.7]. Thus Im p = U fl Ui is closed. 

Given a closed subset V C Spec A, we need to show that p(V) is closed. It follows 
from Thomason's classification of thick subcategories [301 Theorem 3.15] that there 
is a thick subcategory C of per A with p E V iff Hom(A, fc(p)) = for all X E C. 
The latter condition means Xfe(p)(^) = f° r au X E C. Thus {[x/c(p)] | p £ V} is 
Ziegler closed. □ 

Remark 4.5. This result generalises to schemes that are quasi-compact and quasi- 
separated. 
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Krull Gabriel dimension zero. Following [53], a triangulated category C is 
locally finite if its abelianisation Ab C is a length category, which means that 
KGdim AbC < 0. Set \x — XHom(-,x) for X e C when Hom(— ,X) is endofinite. 

Proposition 4.6. Let C be a locally finite and idempotent complete triangulated 
category. Suppose for each pair of objects X,Y that Hom(X, Y> n Y) = for some 
n £ Z. Then 

SpC = {[xx] \ X EC indecomposable}. 

Proof. Let X be an object in C. Then we have for each object C 

length End(x) Hom(C, X) < length Abc Hom(-, C) < oo 

by [U Theorem 2.12]; see also Remark IB. 41 Thus Hom(— ,X) is endofinite. 

Let x : Ob C — > N be an irreducible cohomological function and \ '■ Ob Ab C — !> N 
its extension to AbC. Then x(S) / for some simple object S. There is an 
indecomposable object X in C with Horn (5, Hom( — , X)) ^ 0, and it follows that 
Hom(— ,X) is an injective envelope. Thus x — Xx- O 

Example 4.7. Let k be a field and T a quiver with underlying diagram of Dynkin 
type. Denote by rep(F, k) the category of finite dimensional fc-linear representations 
of T. The indecomposable endofinite cohomological functors D b (rep(F, fc)) op — > Ab 
are precisely (up to isomorphism) the representable functors Hom(— , E"X) with X 
an indecomposable object in rep(F, k) (viewed as complex concentrated in degree 
zero) and n S Z. 

Krull— Gabriel dimension one. Let k be a. field. We give an example of a finite 
dimensional fc-algebra A such that the Krull-Gabriel dimension of Ab per A equals 
1. In fact, we conjecture that this dimension is or 1 iff per A is a discrete derived 
category in the sense of |32j . 

Proposition 4.8. Let k[s] be the algebra of dual numbers. Then 

KGdim Ab per k[e] = 1. 

Proof. Set C = perfc[e] and write Hx = Hom(— ,X) for each X in C. The inde- 
composable objects are the complexes 

X n ^ r : k[e] A k[e] A • • ■ k[e] ->• -)■ ■ • • 

concentrated in degrees n, n+1, ■ ■ ■ ,n + r and parametrised by pairs (n, r) in Zx N. 
The Auslander-Reiten triangles are of the form 

X n -\.\^ r y X n -\-i r —i © X n ^ r j r \ v X n T y X n r 

with X„._i = 0. Note that the last morphism is induced by multiplication with e. 
Such a triangle induces in Ab C an exact sequence 

(4.1) S n+ i, r -> H Xn+1 , r -»■ ffx„ +lif _ 1 © H Xn r+1 -> H x „ ir -> S n , r 
with simple end terms. 
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Fix n £ Z. We claim that the Hasse diagram of the lattice of subobjects of Hx, 
has the following form. 

I 
I 
I 



I 
I 
I 

To prove this, consider the sequence of morphisms 

• • • — > x, tlt 2 — > X n .i — > X n fi 

given by the Auslander-Reiten triangles. For each t > 0, the composite <f> n ,t : X n ^ — > 
X n $ induces a morphism H$ n t in Ab C and its image is the unique subobject 
U C Hx n o such that Hx n a /U has length t. This explains the upper half of the 
Hasse diagram; the form of the lower half then follows by Serre duality. More 
precisely, Serre duality yields an equivalence C op — > C which is the identity on 
objects. It extends to an equivalence (AbC) op Ab(C op ) ^> AbC which induces 
a bijection between subobjects and quotient objects of Hx n ■ It remains to show 
that -ffjtn o nas no further subobjects. To see this, let V C Hx n be a subobject; 
it is the image of some morphism Hj, : Hx — > Hx n ■ We may assume <f> ^ and 
that X is indecomposable. The property of the Auslander-Reiten triangle for X n $ 
implies that the endomorphism e : X n .o — > X n ,o factors through <f> via a morphism 
4>' : X h ,q — > X. Thus <f> and <fi' yield in degree zero endomorphisms of k[s], and 
exactly one of them is an isomorphism. If 4>° is an isomorphism, then Hx n /V has 
finite length; otherwise V is of finite length. 

The form of the lattice of subobjects implies that Hx„ is a simple object in 
(Ab C)/(Ab C)o- Using induction on r, the sequence (|4.ip shows that Hx n r has 
length r + 1. Thus (Ab C)i = Ab C. □ 

Corollary 4.9. We have Spper/c[e] = {[xx , r ] | G N} U {[Xfc]}- 

Proof. Set C = perfcfe]. The Krull-Gabriel filtration of AbC yields a filtration of 
Zsp C by Proposition lC.21 Thus the points of Zsp C correspond to the simple objects 
in AbC and (Ab C)/(Ab C)o- These simple objects are described in the proof of 
Proposition 14.81 The simples in Ab C correspond to the indecomposable objects in 
C and yield isolated points; see also Proposition 13.31 and its proof. The simples in 
(Ab C) / (Ab C)o correspond to the complexes with k concentrated in a single degree. 
Thus all points in ZspC are endofinite, and this yields the description of SpC. □ 

Remark 4.10. Note that KGdim Ab A 1 for any Artin algebra A [TTl^T] . 

Krull Gabriel dimension two. Let be a field and consider the Kronecker 
algebra A — [ * k ^ ] . Work of Geigle [13] shows that the Krull-Gabriel dimension of 
Ab A equals 2. Thus KGdim Ab per^4 = 2 by Proposition 14. 3[ since A is hereditary. 

Now let coh Pi be the category of coherent sheaves on the projective line over k. 
There is a well-known derived equivalence 

RHom(T, -) : D fc (coh PJ) ^> D b (mod A) 
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given by T = 0(0) © 0(1), and we use this to establish the description of the 
cohomological functions on coh P^ stated in the introduction. 

Proof of Proposition \1.8l We have 

KGdim Ab D b (coh P^) = KGdim Ab per A = KGdim Ab A = 2 

by Proposition 14.31 and [T51 Theorem 4.3]. This yields an explicit description of 
the points in Zsp D b (coh Pj.) which is parallel to that given in Corollary 14.91 More 
explicitly, the indecomposable endofinite cohomological functors D h (coh Pj,) op — > Ab 
are precisely the representable functors Hom(— , E n X) with X an indecomposable 
object in cohPj, or X = k(t) the function field and n 6 Z. □ 

Appendix A. Schanuel's lemma for triangulated categories 

Let C be a triangulated category. An exact triangle A — > B — >• C — >• induces a 
presentation of a functor F: C op — >• Ab provided there exists an exact sequence 

Hom(-, B) — > Hom(-, C) — > F — >• 0. 

Two exact triangles are called homotopy equivalent if they induce presentations of 
the same functor. 

Lemma A.l. Let A — > B — )• C — > and A' — >• B' — )• C" — )• oe iwo homotopy 
equivalent exact triangles. Then A® B 1 ® C = A' @ B ® C . 

Proof. The triangles induce exact sequences 

-> : F -> Hom(-, A) -> Hom(-, B) -> Hom(-, C) -> P -> 

and 

-> E^F ->• Hom(-, A') Hom(-, B') Hom(-, C") -J- F 

which represent the same class in Ext 3 (F, £ _1 F), since the presentations induce 
a morphism between both triangles. Now apply the variant of Schanuel's lemma 
which is given below. □ 

Lemma A. 2. Let 

->• M -> P r -> > Pi -> Pa -> AT -> 

and 

0->M->Q r ^ >■ Qi ->■ Qo -> A^ -> 

be exact sequences in some abelian category which represent the same class in 
Ext' +1 (Af, M). If all Pi and Qi are projective, then 

0(P 2i © Qm+i) = 0(P 2i +i © Qm). 

i>0 i>0 

Proof. We use induction on r. The case r = is clear and we suppose that r > 0. 
The pullback of r/ : Pq — > A" and 6> : Qo — > A" induces an exact sequence 

Q^K^P (SQo—>N—>Q 

with Qo © Kerr/ = AT = Pq © Ker#, by Schanuel's lemma. Adding complexes of the 

form Qo Qo and Pq -^-> Po yields two exact sequences 

0->M->P r ^ ► P 2 -> Pi © Qo -> AT -> 

and 

-> M -> Q r -> ► Q 2 -> Qi © P -> ^ -> 

^This notion is consistent with the homotopy relation introduced in |27l Section 1.3]. 
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which represent the same class in Ext r (K,M). Now the assertion follows from the 
induction hypothesis. □ 

Appendix B. Additive functions 

Let A be an abelian category. A function \'- Ob A — > N is called additive if 
X(X) = x(X') + x(X") for each exact sequence -> X' -> X -> X" ->• 0. 

We give a quick proof of the following result using the localisation theory for 
abelian categories [llj . 

Proposition B.l (Crawley-Boevey [6]). Every additive function Ob A — > N can be 

written uniquely as a locally finite sum of irreducible additive functions. 

Proof. Fix an additive function %: Ob A — > N. The objects X satisfying x(X) = 
form a Serre subcategory of A which we denote by S x . The quotient category A/S x 
is an abelian length category since the length of each object X is bounded by x(X)- 
Let Spx (the spectrum of x) denote a representative set of simple objects in A/S x . 
For each S in Sp x let denote the Serre subcategory of A formed by all objects X 
such that a composition series of X in A/S x has no factor isomorphic to S. Define 
Xs ■ Ob A — > N by sending X to the length of X in A/Ss. From the construction it 
follows that 

(B.l) X = E XWXS- 

ses P x 

We claim that each xs is irreducible and that the above expression is unique. To see 
this, write x = x' + x" as a sum of two additive functions. This implies S x C S x ' , 
and if x' ^ 0, then for some S G Spx the object S is non-zero in A/S X '. In that 
case xs arises as a summand of x! with multiplicity x'{S). □ 

Now suppose that A is essentially small. An exact functor F: A op — > Ab is 
called endofinite if F(X) has finite length as End(i 7 ')-module for each object X. An 
endofinite exact functor F induces an additive function 

XF:ObA^N, X ^length End(F)J F(X). 

Proposition B.2. The assignment F H> x.f induces a bijection between the iso- 
morphism classes of indecomposable endofinite exact functors A op — > Ab and the 
irreducible additive functions Ob A — > N. 

Proof. We construct the inverse map. Let x : Ob A — > N be an irreducible additive 
function. Following the proof of ProDOsition lB.il we consider the Serre subcategory 
S x of A consisting of the objects X satisfying x{X) = 0. The quotient category 
B = A/S x is an abelian length category, and x(X) equals the length of X in 
B for each object X, since x is irreducible. Now consider the abelian category 
Lex(B op ,Ab) of left exact functors B op Ab; see P] for details. The Yoneda 
functor 

B — > Lex(B op , Ab), X i-> H x = Hom(-, X) 

identifies B with the full subcategory of finite length objects. There is a unique 
simple object in Lex(B op , Ab) since x is irreducible, and we denote by F its injective 
envelope. It follows that F is indecomposable, and the injectivity implies that F is 
exact. For each X in B we have 

length End(F) F(X) = length End(F) Hom(H x ,F) = length B X = X (X) 

since each finitely generated End(i 7 ')-submodule of Hom(Hx,F) is of the form 
Hom(H x /H x >, F) for some subobject X' C X. Let F' : A op -> Ab be the composite 
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of F with the quotient functor A — > B and observe that End(F') = End(i 7 '). Then 
F' has the desired properties: it is indecomposable endofinite exact and XF' = X- 
It remains to show for an indecomposable endofinite exact functor F: A op — > Ab 
that the function xf is irreducible. Set B = A/S XF and view F as an exact functor 
B°p -> Ab. Note that Hom(H s , F) = F(S) ^ for each simple object S in B. The 
indecomposability of F implies that all simple objects in B are isomorphic, and the 
equation (|B.1[I then implies that \ is irreducible since for each simple object S 

X f(S) = length End(F) F(S) = length End(F) Hom(H s , F) = length B 5=1. □ 

Remark B.3. Let F: A op — > Ab be an indecomposable endofinite exact functor and 
S the corresponding simple object in A/S XF . Then the endomorphism ring End(_F) 
is local and 

End(F)/ rad End(F) End(S) 
since F identifies with an injective envelope of S. Here, rad A denotes the Jacobson 
radical of a ring A. 

Remark B.4. Let F: A op — > Ab be an exact functor and B = A/S F , where S F 
denotes the Serre subcategory of objects X satisfying F(X) — 0. For each object 
X in A we have 

XF (X) = length End(F) F(X) = length End(F) Hom(H x , F) = length B X, 

and this can be used to compute % Fi for any decomposition F = Q t Fi into 
exact functors. 

Let SpA denote the set of irreducible additive functions Ob A — > N. Following 
PUI §4], we define on SpA the Ziegler topology; the basic open sets are of the form 

(X) = { x eSpA\x(X)^Q} } XeObA. 

Proposition B.5. The set SpA of irreducible additive functions Ob A — > N forms 
a topological space which satisfies the T\-axiom, that is, {%} is closed for each 

xeSpA. 

Proof. We identify each irreducible additive function Ob A — > N with an indecom- 
posable injective object in Lex(A op , Ab), as in Proposition |BT2] and its proof. Thus 
[2(71 Lemma 4.1] applies, and the argument given there shows that for two objects 
Xi, X2 in A, the set (X-y) n (X2) can be written as union of basic open sets. 

A singleton {%} is closed since x is * ne on ly irreducible function satisfying 
X{X) — for all l£S x . □ 

The space SpA of additive functions identifies via Proposition IB.2I with a sub- 
space of Zsp A which is discussed in the subsequent Appendix [Cl 

Lemma B.6. Let X be an object in A and n > 0. Then 

U x ,„={xeSpA|x(X)<n} 

is a closed subset of SpA. 
Proof. For a chain of subobjects 

<t>: = X CX ± C ...CX n+1 =X 

set 

n 

U 4> = \J{ X E SpA \ X (X i+i /Xi) = 0}, 

i=0 

and let U = U^, where (f> = (Xi)o<i<n+i runs through all such chains. This set 
is closed by construction, and it follows from Remark IB. 41 that U = \)x,n- O 
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Appendix C. The spectrum of an abelian category 

Let A be an essentially small abelian category. We consider the category of ex- 
act functors A op — > Ab. This category inherits an exact structure from Ab and 
we denote by Zsp A the set of isomorphism class of indecomposable injective ob- 
jects. Note that Zsp A equals the spectrum of the Grothendieck abelian category 
Lex(A°P, Ab) of left exact functors A°p -> Ab in the sense of 11, Chap. IV]. Follow- 
ing [20l §4], we define on Zsp A the Ziegler topology; the basic open sets are of the 
form 

(X) = {F G Zsp A | F(X) ^ 0}, XeObA. 

Lemma C.l. The assignment 

Zsp A D U i — > {X G A | F(X) = for all F G U} 

induces an inclusion reversing bisection between the closed subsets of Zsp A and 
the Serre subcategories of A. In particular, Zsp A is quasi- compact iff A admits a 
generator, that is, an object not contained in any proper Serre subcategory of A. 

Proof. See Theorem 4.2 and Corollary 4.5 in [20 . □ 

The construction of this space is functorial with respect to certain functors. Let 
/: A — >■ B be an exact functor between abelian categories. Given F in Zsp B the 
composite F o f is injective (since the left adjoint of restriction along / is exact) 
but need not to be indecomposable. Thus / induces a continuous map Zsp B — > 
Zsp A provided that indecomposability is preserved. For instance a quotient functor 
A-)A/C with respect to a Serre subcategory CCA has this property; it induces 
a homeomorphism 

ZspA/C A{fe ZspA | F(C) = 0}. 

The Krull Gabriel filtration. Following [TTJ Chap. IV] and [T5J §6] we define a 
filtration of A recursively as follows: 

- A_i is the full subcategory containing only the zero object. 

- A a is the full subcategory of objects of finite length in A/Ap, if a = f3 + 1. 

- A a = IJ 7<Q A 7 , if a is a limit ordinal. 

If A = (J A Q then the smallest ordinal a such that A = A Q is called Krull-Gabriel 
dimension and denoted KGdim A. In that case we say that KGdim A exists. 

For each ordinal a, let Zsp a A denote the set of functors F G ZspA such that 
F(A a ) — and F(X) ^ for some object X which is simple in A/A a . This yields 
a bijection between the isomorphism classes of simple objects in A/A Q and the 
elements in Zsp a A. 

Proposition C.2. Suppose that KGdim A = a. Then ZspA equals the disjoint 
union U^ !<Q Zsp (3 A. 

Proof. See [22 Theorem 12.7]. □ 

Removing successively from Zsp A the points in Zsp^ A for f3 = —1,0,1,... yields 
the Cantor- Bendixson filtration of Zsp A, provided that KGdim A exists. This follows 
from the next lemma. 

Lemma C.3. Let F G ZspA. If F(X) ^ for some finite length object X then F 
is isolated, that is, {F} is open. The converse holds when KGdim A exists. 

Proof. If F(X) / for some finite length object X then we may assume that X 
is simple. Thus {F} — (X), since F is an injective envelope of Hom(— ,X) in 
Lex(A op , Ab). For the converse, see [HJ Lemma 12.11]. □ 
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Lemma C.4. Let (/i : A — > Aj)j 6 j &e a family of quotient functors and set U; = 
{_F G Zsp A | F factors through /,} /or eac/i i. Suppose that Zsp A = |L and that 
each Ui is an open subset. Then KGdim A = sup.^ KGdim A;. 

Proof. The assumption on each Ui to be open implies that fi(A a ) = (Ai) a for all i 
and each ordinal a. On the other hand, (A,;) Q = A^ for all i implies A Q = A, since 
Zsp A = |J. Ui. From this the assertion follows. □ 

Triangulated categories. Let G be a group of automorphisms acting on A. Then 
we denote by Zsp A/G the corresponding orbit space of Zsp A. Thus the points in 
Zsp A/G are the equivalence classes of the form [F] = {F07 | 7 e G}. The closed 
subsets correspond to Serre subcategories of A that are G-invariant. 

Let C be an essentially small triangulated category with suspension £ : C ^> C. 
We identify cohomological functors C op — > Ab with exact functors (Ab C) op — > Ab 
via Lemma [2.31 and denote by ZspC the orbit space (ZspAbC)/S with respect to 
the action of S. 

Lemma C.5. The space ZspC is quasi-compact iff C admits a generator, that is, 
an object not contained in any proper thick subcategory of C. 

Proof. Suppose first that C has a generator, say X. Then any ^-invariant Serre sub- 
category of AbC containing Hom(— ,X) equals AbC. Thus ZspC is quasi-compact 
by Lemma IC.ll To show the converse, consider for each X £ C the closed subset 

U x ={[F]E ZspC I F(Y) = for all Y € Thick(X)}. 

Then HxgC ^ x = ®- ^ ^ S P ^~ ^ s Quasi-compact, then there are finitely many objects 
such that U Xl H ... PI U Xr = 0- This implies C = Thick(Xi, . . . , X r ). □ 
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